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Introduction

There is an extensive literature focused on using logical methods to reason about
communities of agents engaged in some form of social interaction. Much of the
work builds upon existing logical frameworks developed by philosophers and
computer scientists incorporating insights and ideas from philosophy (especially
epistemology and philosophy of action), game theory, decision theory and social
choice theory. The result is a web of logical systems each addressing different aspects of rational agency and social interaction. This paper focuses one one aspect
of this broad area: logical systems designed to model the agents’ informational
attitudes (eg., knowledge, belief, certainty) in social interactive situations. This
includes notions of group knowledge and informative action. Indeed, a key challenge for the logician is to account for the many dynamic processes that govern
the agents’ (social) interactions over time. Inference, observation and communication are all examples of such processes that are the focus of current logics of
informational update and belief revision (see, for example van Benthem, 2010a;
van Ditmarsch et al., 2007; Parikh and Ramanujam, 2003)1 . This paper will
introduce these epistemic and doxastic logics as models of “rational interaction”
and provide pointers to some current literature.
The point of departure for modern epistemic and doxastic logic is Jaakko
Hintikka’s seminal text Knowledge and Belief: An Introduction to the Logic of
the Two Notions (1962)2 . In fact, Hintikka was not the first to recognize that
discourse about knowledge and belief could be the subject of a logical analysis.
Indeed, Hintikka cites G.H. Von Wright’s An Essay in Modal Logic (1951) as the
starting point for his logical analysis. A comprehensive history of epistemic and
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Of course, one may argue that (logical) inference is the central topic of any logic. What we
have in mind here is reasoning about agents that make inferences.
2
This important book has recently been re-issued and extended with some of Hintikka’s
latest papers on epistemic logic (Hintikka, 2005).
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doxastic logic is beyond the scope of this paper; however, the interested reader
can consult the following three sources for relevant historical details:
1. Paul Gochet and Pascal Gribomont’s article in the Handbook of the History
of Logic (2006) has an extensive discussion of the main highlights in the
technical development of epsitemic logic;
2. Robert Goldblatt’s article in the Handbook of the History of Logic (2006)
has a nearly complete history of the mathematical development of modal
logic in the 20th century; and
3. Vincent Hendricks and John Symons (2006, Section 2) describe some key
developments in modal logic that led to Hintikka’s book.
While Hintikka’s project sparked some discussion among mainstream epistemologists (especially regarding the “KK Principle”: does knowing something imply
that one knows that one knows it?3 ), much of the work on epistemic and doxastic logic was taken over by Game Theorists (Aumann, 1999a) and Computer
Scientists (Fagin et al., 1995) in the 1990s. Recently, focus is shifting back
to Philosophy with a growing interest in “bridging the gap between formal and
mainstream epistemology”: witness the collection of articles in (Hendricks, 2006)
and the book Mainstream and Formal Epistemology by Vincent Hendricks (2005).
Thus, the field of Epistemic Logic has developed into an interdisciplinary area
no longer immersed only in the traditional questions of mainstream epistemology. Much recent work focuses on explicating epistemic issues in, for example,
game theory (Brandenburger, 2007) and economics (Samuelson, 2004), computer
security (Halpern and Pucella, 2003; Ramanujam and Suresh, 2005), distributed
systems (Halpern and Moses, 1983), and social software (Parikh, 2002)4 . The situation is nicely summarized in a recent article by Robert Stalnaker who suggests
that a logical analysis can
“...bring out contrasting features of some alternative conceptions
of knowledge, conceptions that may not provide plausible analyses
of knowledge generally, but that may provide interesting models of
knowledge that are appropriate for particular applications, and that
may illuminate in an idealized way, one or another of the dimensions
of the complex epistemological terrain.” (Stalnaker, 2006, pg. 170)
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Timothy Williamson (2000, Chapter 5) has a well-known and persuasive argument against
this principle (cf. Egré and Bonnay, 2009, for a discussion of interesting issues for epistemic
logic deriving from Williamson’s argument).
4
See also Parikh’s contribution to this volume.
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In this survey, the modeling of informational attitudes of a group of (rational)
agents engaged in some form of social interaction (eg. having a conversation or
playing a card game) takes center stage.
Many logical systems today focus on (individual and group) informational
attitudes often with a special focus on how the agents’ information changes over
time. Sometimes differences between “competing” logical systems are technical
in nature reflecting different conventions used by different research communities.
And so, with a certain amount of technical work, such frameworks are seen to be
equivalent up to model transformations (cf. Halpern, 1999; Lomuscio and Ryan,
1997; Pacuit, 2007; van Benthem et al., 2009). Other differences point to key
conceptual issues about rational interaction.
The main objective of this paper is to not only to introduce important logical frameworks but also help the reader navigate the extensive literature on
(dynamic) epistemic and doxastic logic. Needless to say, we will not be able
to do justice to all of this extensive literature. This would require a textbook
presentation. Fortunately, there are a number of excellent textbooks on this material (Fagin et al., 1995; van Ditmarsch et al., 2007; van Benthem, 2010a). The
article will be self-contained, though familiarity with basic concepts in modal
logic may be helpful5 .

2

Informational Attitudes

Contemporary epistemology provides us with a rich typology of informational
attitudes. There are numerous notions of knowledge around: the pre-Gettier
“justified true belief” view, reliability accounts (Goldman, 1976), counterfactual
accounts (Nozick, 1981), and active vs. passive knowledge (Stalnaker, 1999, pg.
299), to name just a few (cf. Sosa et al., 2008, for a survey). Similarly, beliefs
come in many forms: graded or flat-out (Harman, 1986), conditional and lexicographic (Brandenburger, 2007), safe and strong (Baltag and Smets, 2006b).
On top of all this, beliefs seem to be just one example in a large variety of
“acceptance-like” attitudes (Shah and Velleman, 2005). In this paper, we concentrate on a general distinction between attitudes of hard and soft information
(van Benthem, 2005; Baltag and Smets, 2006a) without taking a stance on which
of these attitudes, if any, should be seen as primary, either for epistemology in
general or for specific applications.
Hard information, and its companion attitude, is information that is veridical and not revisable. This notion is intended to capture what the agents are
fully and correctly certain of in a given social situation. So, if an agent has hard
5

See (van Benthem, 2010b) for a modern textbook introduction to modal logic and (Blackburn et al., 2002) for an overview of some of the more advanced topics.
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information that some fact ϕ is true, then ϕ really is true. In absence of better terminology and following common usage in the literature, we use the term
knowledge to describe this very strong type of informational attitude. However,
we make no claim as to whether this notion captures one of the many notions of
knowledge just mentioned (in fact, it probably does not) and simply note that
“hard information” shares some of the characteristics that have been attributed
to knowledge in the epistemological literature such as veridicality. Soft information is, roughly speaking, anything that is not “hard”: it is not necessarily
veridical and/or highly revisable in the presence of new information. As such, it
comes much closer to beliefs or more generally attitudes that can be described
as “regarding something as true” (Schwitzgebel, 2008).
Thus, we identify revisability as a key distinguishing feature. Typically, discussions of epistemic logic focus instead on the epistemic capabilities of the agents
such as introspection or logical omniscience. For example, it is typically assumed
that if an agent has the (hard or soft) information that ϕ is true, then this fact
is fully transparent (to the agent). In order keep the presentation manageable,
we do not go into details about these interesting issues (cf. Fagin et al., 1995, for
extensive discussions).
Before going into details, a few comments about the general approach to
modeling are in order. The formal models introduced below can be broadly
described as “possible worlds models” familiar in much of the philosophical logic
literature. These models assume and underlying set of states of nature describing
the (ground) facts about the situation being modeled that do not depend on the
agents’ uncertainties. Typically, these facts are represented by sentences in some
propositional (or first-order) language. Each agent is assumed to entertain a
number of possibilities, called possible worlds or simply (epistemic) states. These
“possibilities” are intended to represent “the current state of the world”. So each
possibility is associated with a unique state of nature (i.e., there is a function
from possible worlds to sets of sentences “true” at that world, but this function
need not be 1-1 or even onto). Crucial for the epistemic-logic analysis is the
assumption that there may be different possible worlds associated with the same
state of nature. Such possible worlds are important for representing higher-order
information (eg., information about the other agents’ information). One final
common feature is that the agents’ informational attitudes are directed towards
propositions, also called events in the game-theory literature, represented as sets
of possible worlds. These basic modeling choices are not uncontroversial, but
such issues are beyond the scope of this paper6 and so we opt for mathematical
precision in favor of philosophical carefulness.
6

The interested reader can consult (Parikh, 2008) for a discussion.
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2.1

Models of Hard Information

Let Agt be a non-empty set of agents and At a (countable or finite) set of atomic
sentences. Elements p ∈ At are intended to describe ground facts, for example,
“it is raining” or “the red card is on the table”, in the situation being modeled.
A non-empty set W , called possible worlds or states, are intended to represent
the different ways the situation being modeled may evolve. Rather than directly
representing the agents’ hard information, the models given below describe the
“implicit consequences” of this information in terms of “epistemic indistinguishability relations”7 . The idea is that each agent has some “hard information” about
the situation being modeled and agents cannot distinguish between states that
agree on this information. In basic epistemic models, this “epistemic indistinguishability” is represented by equivalence relations on W :
Definition 2.1 (Epistemic Model) An epistemic model (based on the set
of agents Agt and set of atomic propositions At) is a tuple hW, {∼i }i∈Agt , V i
where W is a non-empty set; for each i ∈ Agt, ∼i ⊆ W × W is reflexive, transitive
and symmetric; and V : At → ℘(W ) is a valuation function.
/
A simple propositional modal language will be used to describe properties of
these structures. Formally, let LEL be the (smallest) set of sentences generated
by the following grammar:
ϕ := p | ¬ϕ | ϕ ∧ ϕ | Ki ϕ
where p ∈ At and i ∈ Agt. The additional propositional connectives (→, ↔
, ∨) are defined as usual and the dual of Ki , denoted Li , is defined as follows:
Li ϕ := ¬Ki ¬ϕ. The intended interpretation of Ki ϕ is “according to agent i’s
current (hard) information, ϕ is true” (following standard notation we can also
say “agent i knows that ϕ is true”). Given a story or situation we are interested
in modeling, each state w ∈ W of an epistemic model M = hW, {∼i }i∈Agt , V i
represents a possible scenario which can be described in the formal language given
above: if ϕ ∈ LEL , M = hW, {∼i }i∈Agt , V i and w ∈ W , we write M, w |= ϕ if
ϕ is a correct description of some aspect of the situation represented by w. This
can be made precise as follows:
7

The phrasing “epistemic indistinguishable”, although common in the epistemic logic literature, is misleading since, as a relation, “indistinguishability” is not transitive. However,
we typically assume that epistemic indistinguishability is an equivalence relation. A standard
example is: a cup of coffee with n grains of sugar is indistinguishable from a cup with n + 1
grains; however, transitivity would imply that a cup with 0 grains of sugar is indistinguishable
from a cup with 1000 grains of sugar.
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Definition 2.2 (Truth) Let M = hW, {∼i }i∈Agt , V i be an epistemic model.
For each w ∈ W , ϕ is true at state w, denoted M, w |= ϕ, is defined by
induction on the structure of ϕ:
• M, w |= p iff w ∈ V (p)
• M, w |= ¬ϕ iff M, w 6|= ϕ
• M, w |= ϕ ∧ ψ iff M, w |= ϕ and M, w |= ψ
• M, w |= Ki ϕ iff for all v ∈ W , if w ∼i v then M, v |= ϕ
We say ϕ is satisfiable if there is an epistemic model M = hW, {∼i }i∈Agt , V i
and state w ∈ W such that M, w |= ϕ; and ϕ is valid in M, denoted M |= ϕ
if M, w |= ϕ for all w ∈ W .
/
Given the definition of the dual of Ki , it is easy to see that
M, w |= Li ϕ iff there is a v ∈ W such that M, v |= ϕ.
Thus an interpretation of Li ϕ is “ϕ is consistent with agent i’s current (hard)
information”. The following example will illustrate the above definitions.
Suppose there are two agents, Ann (A) and Bob (B), and three cards labeled
with the numbers 1, 2 and 3. Consider the following scenario: Ann is dealt one
of the cards, Bob is given one of the cards and the third card is put face down
on a table. What are the relevant possible worlds for this scenario? The answer
to this question depends, in part, on the level of detail in the description of
the situation being modeled. For example, relevant details may include whether
Ann is holding the card in her right hand or left hand, the color of the cards or
whether it is raining outside. The level of detail is fixed by the choice of atomic
propositions. For example, suppose that At = {p1 , p2 , p3 , q1 , q2 , q3 } where pi is
intended to mean that “Ann has card i” and qi is intended to mean “Bob has
card i”. Since each agent is given precisely one of the three possible cards, there
are 6 relevant possible worlds, W = {w1 , w2 , w3 , w4 , w5 , w6 }, one for each way
the cards could be distributed. What about the agents’ information? Some of
the aspects about the situation being modeled can be classified as “informative”
for the agents. For example, since the third card is placed face down on the
table, neither agent “knows” the number written on the other agent’s card.
The complete epistemic state of the agents is described by the epistemic model
pictured below (in this picture, an i-labeled arrow from state w to state v means
w ∼i v and each state is labeled with the atomic propositions true at that state):
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The reader is invited to check that the formulas to the right are indeed true
at state w1 according to Definition 2.2. The intuitive interpretation of these
formulas describe (part of) the hard information that Ann has in the above
situation. For example, Ann knows that she has card 1 (i.e., it is assumed that
Ann is looking at her card); Ann knows that Bob does not have card 1 (because,
for example, Ann has background knowledge that there are only three cards
with no duplicates); and Ann knows that Bob either has card 2 or card 3 and
she knows that Bob knows whether he has card 2 (this can also be derived from
her background knowledge).
Notice that the set of states that Ann considers possible at w1 is {w1 , w2 }.
This set is the truth set of the formula p1 (i.e., {x | M, x |= p1 } = {w1 , w2 });
and so, we can say that all Ann knows about the situation is that she has card
1. The other propositions that Ann knows are (non-monotonic) consequences
of this proposition (given her background knowledge about the situation). This
suggests that it may be useful to include an operator “for all agent i knows”. In
fact, this notion was introduced by Hector Levesque (1990) and, although the
logical analysis turned out to be a challenge (cf. Humberstone, 1987; Halpern
and Lakemeyer, 1995, 2001; Engelfriet and Venema, 1998), has proven useful in
the epistemic analysis of certain solution concepts (Halpern and Pass, 2009).
The above epistemic models are intended to represent the agents’ hard information about the situation being modeled. In fact, we can be much more
precise about the sense in which these models “represent” the agents’ hard information by using standard techniques from the mathematical theory of modal
logic (Blackburn et al., 2002). In particular, modal correspondence theory rigorously relates properties of the the relation in an epistemic model with modal
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formulas (cf. Blackburn et al., 2002, Chapter 3)8 . The following table lists some
key formulas in the language LEL with their corresponding (first-order) property
and the relevant underlying assumption.
Assumption
Logical Omniscience
Veridical
Positive Introspection
Negative Introspection

Formula
Ki (ϕ → ψ) → (Ki ϕ → Ki ψ)
Ki ϕ → ϕ
Ki ϕ → Ki Ki ϕ
¬Ki ϕ → Ki ¬Ki ϕ

Property
—
Reflexive
Transitive
Euclidean

Viewed as a description, even an idealized one, of knowledge, the above properties
have raised many criticisms. While the logical omniscience assumption (which
is valid on all models regardless of the properties of the accessibility relation)
generated the most extensive criticisms (Stalnaker, 1991) and responses (cf. Fagin
et al., 1995, Chapter 9), the two introspection principles have also been the object
of intense discussion (cf. Williamson, 2000; Egré and Bonnay, 2009)9 . These
discussions are fundamental for the theory of knowledge and its formalization,
but here we choose to bracket them, and instead take epistemic models for what
they are: models of hard information, in the sense introduced above.

2.2

Varieties of Soft Information

A small modification of the above epistemic models allows us to model a softer
informational attitude. Indeed, by simply replacing the assumption of reflexivity
of the relation ∼i with seriality (for each state w there is a state v such that
w ∼i v), but keeping the other aspects of the model the same, we can capture
8

To be more precise, the key notion here is frame definability: a frame is a pair hW, Ri
where W is a nonempty set and R a relation on W . A modal formula is valid on a frame if
it is valid in every model (cf. Definition 2.1) based on that frame. It can be shown that some
modal formulas have first-order correspondents P where for any frame hW, Ri, the relation R
has property P iff ϕ is valid on hW, Ri. A highlight of this theory is Sahlqvist’s Theorem which
provides and algorithm for finding first-order correspondents for certain modal formulas. See
(Blackburn et al., 2002, Sections 3.5 - 3.7) for an extended discussion.
9
In fact, Hintikka explicitly rejects negative introspection: “The consequences of this principle, however, are obviously wrong. By its means (together with certain intuitively acceptable
principles) we could, for example, show that the following sentence is self sustaining p → Ki Li p”
(Hintikka, 1962, pg. 54). Hintikka regards this last formula as counter-intuitive since it means
that if it possible that an agent knows some fact p then that fact must be true. However, it
seems plausible that an agent can justifiably believe that she knows some fact p but p is in
fact false. Other authors have pointed out difficulties with this principle in modal systems with
both knowledge and belief modalities: see, in particular, (Stalnaker, 2006) and (Shoham and
Leyton-Brown, 2009, Section 13.7).
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what epistemic logicians have called “beliefs”. Formally, a doxastic model is a
tuple hW, {Ri }i∈Agt , V i where W is a nonempty set of states, Ri is a transitive,
Euclidean and serial relation on W and V is a valuation function (cf. Definition
2.1). Truth is defined precisely as in Definition 2.2, replacing ∼i with Ri . This
notion of belief is very close to the above hard informational attitude and, in
fact, shares all the properties of Ki listed above except Veracity (this is replaced
with a weaker assumption that agents are “consistent” and so cannot believe
contradictions). This points to a logical analysis of both informational attitudes
with various “bridge principles” relating knowledge and belief (such as knowing
something implies believing it or if an agent believes ϕ then the agent knows
that he believes it). However, we do not discuss this line of research (see, for
example, Halpern, 1996; Stalnaker, 2006) here since these models are not our
preferred ways of representing the agents’ soft information.
A key aspect of beliefs which is not yet represented in the above models is that
they are revisable in the presence of new information. While there is an extensive
literature on the theory of belief revision (see the article by Booth and Meyer in
this collection for a discussion), the focus here is how to extend the above models
with a representation of softer, revisable informational attitudes. The standard
approach is to include a plausibility ordering for each agent: a preorder (reflexive
and transitive) denoted i ⊆ W × W . If w i v we say “player i considers v at
least as plausible as w.” For X ⊆ W , let
M ini (X) = {v ∈ W | v i w for all w ∈ X }
denote the set of minimal elements of X according to i . Thus while the ∼i
partitions the set of possible worlds according to the hard information the agents
are assumed to have about the situation, the plausibility ordering i represents
which of the possible worlds the agent considers more likely (i.e., it represents
the players soft information). Models representing both the agents’ hard and soft
information have been used not only by logicians (van Benthem, 2004; Baltag and
Smets, 2006b) but also by game theorists (Board, 2004) and computer scientists
(Boutilier, 1992; Lamarre and Shoham, 1994):
Definition 2.3 (Epistemic-Doxastic Models) Suppose Agt is a set of agents
and At a set of atomic propositions, an epistemic doxastic model is a tuple
hW, {∼i }i∈Agt , {i }i∈Agt , V i where hW, {∼i }i∈Agt , V i is an epistemic model and
for each i ∈ Agt, i is a well-founded10 , reflexive and transitive relation on W
satisfying the following properties, for all w, v ∈ W
1. plausibility implies possibility: if w i v then w ∼i v.
10

Well-foundedness is only needed to ensure that for any set X, M ini (X) is nonempty. This
is important only when W is infinite.
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2. locally-connected: if w ∼i v then either w i v or v i w.

/

Remark 2.4 Note that if w 6∼i v then, since ∼i is symmetric, we also have
v 6∼i w, and so by property 1, w 6i v and v 6i w. Thus, we have the following
equivalence: w ∼i v iff w i v or v i w.
Let [w]i be the equivalence class of w under ∼i . Then local connectedness implies
that i totally orders [w]i and well-foundedness implies that M ini ([w]i ) is
nonempty. This richer model allows us to formally define a variety of (soft)
informational attitudes. We first need some additional notation: the plausibility
relation i can be lifted to subsets of W as follows11
X i Y iff x i y for all x ∈ X and y ∈ Y
Suppose M = hW, {∼i }i∈Agt , {i }i∈Agt , V i is an epistemic-doxastic model with
w ∈ W , consider the following extensions to the language LEL
• Belief: M, w |= Bi ϕ iff for all v ∈ M ini ([w]i ), M, v |= ϕ.
This is the usual notion of belief which satisfies the standard properties
discussed above (eg., positive and negative introspection).
• Safe Belief: M, w |= 2i ϕ iff for all v, if v i w then M, v |= ϕ.
Thus, ϕ is safely believed if ϕ is true in all states the agent considers more
plausible. This stronger notion of belief has also been called certainty by
some authors (cf. Shoham and Leyton-Brown, 2009, Section 13.7).
• Strong Belief: M, w |= Bis ϕ iff there is a v such that w ∼i v and M, v |= ϕ
and {x | M, x |= ϕ} ∩ [w]i i {x | M, x |= ¬ϕ} ∩ [w]i .
So ϕ is strongly believed provided it is epistemically possible and agent i
considers any state satisfying ϕ more plausible than any state satisfying
¬ϕ. This notion has also been studied by Stalnaker (1994) and Battigalli
and Siniscalchi (2002).
The logic of these notions has been extensively studied by Alexandru Baltag and
Sonja Smets in a series of articles (2006a; 2008a; 2006b; 2009). We conclude
this section with a few remarks about the relationship between these different
notions. For example, it is not hard to see that if agent i knows that ϕ then i
(safely, strongly) believes that ϕ. However, much more can be said about the
logical relationship between these different notions (cf. Baltag and Smets, 2009).
As noted above, a crucial feature of these informational attitudes is that
they are defeasible in light of new evidence. In fact, we can characterize these
11

This is only one of many possible choices here, but it is the most natural in this setting
(cf., Liu, 2008, Chapter 4).
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attitudes in terms of the type of evidence which can prompt the agent to adjust
her beliefs. To make this precise, we introduce the notion of a conditional belief:
suppose M = hW, {∼i }i∈Agt , {i }i∈Agt , V i is an epistemic-doxastic and ϕ and ψ
are formulas, then we say i believes ϕ given ψ, denoted Biψ ϕ, provided
M, w |= Biψ ϕ iff for all v ∈ M ini ([[ψ]]M ∩ [w]i ), M, v |= ϕ
where [[ϕ]]M = {w | M, w |= ϕ} is the truth set of ϕ. So, ‘Biψ ’ encodes what
agent i will believe upon receiving (possibly misleading) evidence that ψ is true.
Two observations are immediate. First of all, we can now define belief Bi ϕ as
Bi> ϕ (belief in ϕ given a tautology). Second, unlike beliefs, conditional beliefs
may be inconsistent (i.e., B ψ ⊥ may be true at some state). In such a case, agent
i cannot (on pain of inconsistency) revise by ψ, but this will only happen if the
agent has hard information that ψ is false. Indeed, K¬ϕ is logically equivalent to
Biϕ ⊥ (over the class of epistemic-doxastic models). This suggests the following
(dynamic) characterization of an agents’ hard information as unrevisable beleifs:
M, w |= Ki ϕ iff M, w |= Biψ ϕ for all ψ
Safe belief and strong belief can be similarly characterized by restricting the
admissible evidence:
• M, w |= 2i ϕ iff M, w |= Biψ ϕ for all ψ with M, w |= ψ.
That is, i safely beliefs ϕ iff i continues to believe ϕ given any true formula.
• M, w |= Bis ϕ iff M, w |= Bi ϕ and M, w |= Biψ ϕ for all ψ with M, w |=
¬Ki (ψ → ¬ϕ).
That is, agent i strongly believes ϕ iff i believes ϕ and continues to believe
ϕ given any evidence (truthful or not) that is not known to contradict ϕ.
Baltag and Smets (2009) provide an elegant logical characterization of the above
notions by adding the safe belief modality (2i ) to the epistemic language LEL
(denote the new language LEDL ). First of all, note that conditional belief (and
hence belief) and strong belief are definable in this language:
• Biϕ ψ := Li ϕ → Li (ϕ ∧ 2i (ϕ → ψ))
• Bis ϕ := Bi ϕ ∧ Ki (ϕ → 2i ϕ)
All that remains is to characterize properties of an epistemic-doxastic model
(Definition 2.3). As discussed in the previous Section, Ki satisfies logical omnsicience, veracity and both positive and negative introspection. Safe belief, 2i ,
shares all of these properties except negative introspection. Modal correspondence theory can again be used to characterize the remaining properties:
11

• Knowledge implies safe belief: Ki ϕ → 2i ϕ
(Definition 2.3, property 1)
• Locally connected: Ki (ϕ ∨ 2ψ) ∧ Ki (ψ ∨ 2ϕ) → Ki ϕ ∨ Ki ψ
(Definition 2.3, property 2)

Remark 2.5 The above models use a “crisp” notion of uncertainty, i.e., for
each agent and state w, any other state v ∈ W is either is or is not possible/more plausible than w. However, there is an extensive body of literature
developing graded, or quantitative, models of uncertainty (Halpern, 2003). For
instance, in the Game Theory literature it is standard to represent the players’ beliefs by probabilities (Aumann, 1999b; Harsanyi, 1967). The idea here is
to use probability distributions in place of the above plausibility orderings. Formally, a epistemic-proabalistic model is a tuple M = hW, {∼i }i∈Agt , {Pi }i∈Agt , V i
where hW, {∼i }i∈Agt , V i is an epistemic model and Pi : W → ∆(W ) (∆(W ) =
{p : W → [0, 1] | p is a probability measure }) assigns to each state a probability
measure over W . Write pw
i for the i’s probability measure at state w. We make
two natural assumptions (cf. Definition 2.3):
w
v
1. For all v ∈ W , if pw
i (v) > 0 then pi = pi (i.e., if i assigns a non-zero
probability to state v at state w then the agent uses the same probability
measure at both states)

2. For all v, if w 6∼i v then pw
i (v) = 0 (i.e., assign nonzero probability only to
the states in i’s (hard) information set, cf. Definition 2.3 item 1).
Many different formal languages have been used to describe these rich structures.
Examples range from ‘2i ϕ’ with the intended meaning “ϕ is more probable than
¬ϕ for agent i” (Herzig, 2003) to more expressive languages containing operators
of the form Biq ϕ (with q a rational number) and interpreted as follows:
M, w |= Biq (ϕ) iff pw
i ({v | M, v |= ϕ}) ≥ q.
These models have also been the subject of sophisticated logical analyses (Fagin
et al., 1990; Fagin and Halpern, 1994; Heifetz and Mongin, 2001) complementing
the logical frameworks introduced in this paper (Baltag and Smets, 2007).

2.3

Group Attitudes

Suppose there are two friends Ann and Bob on a bus separated by a crowd.
Before the bus comes to the next stop a mutual friend from outside the bus yells
12

“get off at the next stop to get a drink?”. Say Ann is standing near the front
door and Bob near the back door. When the bus comes to a stop, will they get
off? Of course, this depends, in part, on Ann and Bob’s preferences. Suppose
that both Ann and Bob want to have a drink with their mutual friend, but only
if both are there for the drink. So Ann will only get off the bus if she “knows”
(justifiable believes) that Bob will also get off (similarly for Bob). But this does
not seem to be enough (after all, she needs some assurance that Bob is thinking
along the same lines). In particular, she needs to “know” (justifiably believe)
that Bob “knows” (justifiably believes) that she is going to get off at the next
stop. Is this state of knowledge sufficient for Ann and Bob to coordinate their
actions? Lewis (1969) and Clark and Marshall (1981) argue that a condition of
common knowledge is necessary for such coordinated actions. In fact, a seminal
result by Halpern and Moses (1983) shows that, without synchronized clocks,
such coordinated action is impossible. Chwe (2001) has a number of examples
that point out the everyday importance of the notion of common knowledge.
Both the game theory community and the epistemic logic community have
extensively studied formal models of common knowledge and belief. Barwise
(1988) highlights three main approaches to formalize common knowledge: (i)
the iterated view, (ii) the fixed-point view and (iii) the shared situation view.
Here we will focus only on the first two approaches (cf. van Benthem and Sarenac,
2004, for a rigorous comparison between (i) and (ii)). Vanderschraaf and Sillari
(2009) provide an extensive discussion of the literature (see also Fagin et al.,
1995, for a general discussion).
Consider the statement “everyone in group G knows ϕ”. If there are only
finitely many agents, this can be easily defined in the epistemic language LEL :
^
EG ϕ :=
Ki ϕ
i∈G

where G ⊆ Agt. Following Lewis (1969)12 , the intended interpretation of “it is
common knowledge in G that ϕ” (denoted CG ϕ) is the infinite conjunction:
ϕ ∧ EG ϕ ∧ EG EG ϕ ∧ EG EG EG ϕ ∧ · · ·
However, this involves an infinite conjunction, so cannot be a formula in the
language of epistemic logic. This suggests that common knowledge is not definable in the language of multi-agent epistemic logic13 . Thus we need to add a
new symbol to the language CG ϕ whose intended interpretation is “it is common
12

Although see (Cubitt and Sugden, 2003) for an alternative reconstruction of Lewis’ notion
of common knowledge.
13
In fact, one can prove this using standard methods in modal logic.
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knowledge in the group G that ϕ”. Let LC
EL be the smallest set generated by
the following grammar:
p | ¬ϕ | ϕ ∧ ϕ | Ki ϕ | CG ϕ
with p ∈ At and G ⊆ Agt.
Before giving semantics to CG ϕ, we consider EG EG EG ϕ. This formula says
that “everyone from group G knows that everyone from group G knows that
everyone from group G knows that ϕ”. When will this be true at a state w
in an epistemic model? First some notation: a path on length n for G in
an epistemic model is a sequence of states (w0 , w2 , . . . , wn ) where for each l =
0, . . . , n − 1, we have wl ∼i wl+1 for some i ∈ G (for example w0 ∼1 w1 ∼2
w2 ∼1 w3 is a path of length 3 for {1, 2}). Thus, EG EG EG ϕ is true at state w iff
every path of length 3 for G starting at w leads to a state where ϕ is true. This
suggests the following definition:
Definition 2.6 (Interpretation of C) Let M = hW, {∼i }i∈A , V i be an epistemic model and w ∈ W . The truth of formulas of the form Cϕ is:
∗
M, w |= CG ϕ iff for all v ∈ W , if wRG
v then M, v |= ϕ
S
S
∗ := (
∗
where RG
i∈G ∼i ) is the reflexive transitive closure of
i∈G ∼i .

/

Sometimes it is useful to work with the following equivalent characterization:
M, w |= CG ϕ iff every finite path for G from w ends with a state satisfying ϕ.
The logical analysis is much more complicated in languages with a common
knowledge operator; however, the following two axioms can be said to characterize14 common knowledge:

• Fixed-Point: CG ϕ → EG CG ϕ
• Induction: ϕ ∧ CG (ϕ → EG ϕ) → CG ϕ

The first formula captures the “self-evident” nature of common knowledge: if
some fact is common knowledge in some group G then everyone in G not only
knows the fact but also that it is common knowledge. Aumann (1999a) uses this
as an alternative characterization of common knowledge:
14

Techniques similar to the previously mentioned correspondence theory can be applied here
to make this precise: see (van Benthem, 2006) for a discussion.
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Suppose you are told “Ann and Bob are going together,”’ and respond
“sure, that’s common knowledge.” What you mean is not only that
everyone knows this, but also that the announcement is pointless,
occasions no surprise, reveals nothing new; in effect, that the situation after the announcement does not differ from that before. ...the
event “Ann and Bob are going together” — call it E — is common
knowledge if and only if some event — call it F — happened that
entails E and also entails all players’ knowing F (like all players met
Ann and Bob at an intimate party). (Aumann, 1999a, pg. 271)
Remark 2.7 In this section we have focused only on the notion of common
knowledge (eg., hard information). What about notions of common (safe, strong)
belief ? The general approach outlined above also works for these informational
B to be
attitudes: for example, suppose wRiB v iff v ∈ M ini ([w]i ) and define RG
B
the transitive closure of ∪i∈G Ri . Of course, this does raise interesting technical
and conceptual issues, but these are beyond the scope of this paper (cf. Bonanno,
1996; Lismont and Mongin, 1994, 2003).
While it is true that coordinated actions do happen, the analysis of many
social situations suggests that other “levels of knowledge”, short of the above
infinite-common knowledge level are also relevant. Such levels can arise in certain
pragmatic situations:
Example 2.8 Suppose that Ann would like Bob to attend her talk; however,
she only wants Bob to attend if he is interested in the subject of her talk, not
because he is just being polite. There is a very simple procedure to solve Ann’s
problem: Have a (trusted) friend tell Bob the time and subject of her talk.
Taking a cue from computer science, perhaps we can prove that this simple
procedure correctly solves Ann’s problem. However, it is not so clear how to
define a correct solution to Ann’s problem. If Bob is actually present during
Ann’s talk, can we conclude that Ann’s procedure succeeded? Not really. Bob
may have figured out that Ann wanted him to attend, and so is there only out
of politeness. Thus for Ann’s procedure to succeed, she must achieve a certain
“level of knowledge” (cf. Parikh, 2003) between her and Bob. Besides both Ann
and Bob knowing about the talk and Ann knowing that Bob knows, we have
Bob does not know that Ann knows about the talk.
This last point is important, since, if Bob knows that Ann knows that he knows
about the talk, he may feel social pressure to attend15 . Thus, the procedure to
15

Of course, this is not meant to be a complete analysis of “social politeness”.
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have a friend tell Bob about the talk, but not reveal that it is at Ann’s suggestion,
will satisfy all the conditions. Telling Bob directly will satisfy the first three, but
not the essential last condition.
We conclude this section by briefly discussing another notion of “group knowledge”: distributed knowledge. Intuitively, ϕ is distributed knowledge among a
group of agents if ϕ would be known if all the agents in the group put all their
information together. Formally, given an epistemic model (beliefs do not play a
D =∩
role here) M = hW, {∼i }i∈Agt , V i, let RG
i∈G ∼i , then define
D v then M, v |= ϕ.
M, w |= DG ϕ iff for all v ∈ W , if wRG
V
Note that DG ϕ is not simply equivalent to i∈G Ki ϕ (the reader is invited to
prove this well-known fact). Indeed, the logical analysis has raised a number of
interesting technical and conceptual issues (cf. Halpern and Moses, 1983; Gerbrandy, 1999a; van der Hoek et al., 1999; Roelofsen, 2007; van Benthem, 2010a).

3

Informative Actions

The logical models and languages introduced in the previous Section provide
static descriptions of the situation being modeled. However, many of the situations we are interested in concern agents interacting over time, and this dynamics
also calls for a logical analysis. Indeed, an important challenge for the logician
is to account for the many dynamic processes that govern the agents’ social interactions. Inference, observation and communication are all examples of such
processes that are the focus of current logics of informational update and belief revision (see, for example, van Benthem, 2010a; van Ditmarsch et al., 2007;
Parikh and Ramanujam, 2003)16 . In this Section, we discuss some key issues
that appear when shifting from a static to a dynamic perspective.
The main issue is how to incorporate new information into an epistemicdoxastic model. At a fixed moment in time the agents are in some epistemic
state (which may be described by an epistemic(-doxastic) model). The question
is how does (the model of) this epistemic state change during the course of some
social interaction? The first step towards answering this question is identifying
(and formally describing) the informative events that shape a particular social
interaction. Typical examples include showing one’s hand in a card game, make
a public or private announcement or sending an email message. However, this
step is not always straightforward since the information conveyed by a particular
event may depend on many factors which need to be specified. Even the absence
16

Of course, one may argue that (logical) inference is the central topic of any logic. What we
have in mind here is reasoning about agents that make inferences.
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of an event can trigger a change in an agent’s informational state: Recall the
famous observation of Sherlock Holmes in Silver Blaze: “Is there any point to
which you would wish to draw my attention?” “To the curious incident of the
dog in the night-time.” “The dog did nothing in the night-time.” “That was the
curious incident,” remarked Sherlock Holmes.
Current dynamic epistemic(-doxastic) logics focus on three key issues:
1. The agents’ observational powers. Agents may perceive the same event
differently and this can be described in terms of what agents do or do
not observe. Examples range from public announcements where everyone
witnesses the same event to private communications between two or more
agents with the other agents not even being aware that an event took place.
2. The type of change triggered by the event. Agents may differ in precisely
how they incorporate new information into their epistemic states. These
differences are based, in part, on the agents’ perception of the source of
the information. For example, an agent may consider a particular source
of information infallible (not allowing for the possibility that the source
is mistaken) or merely trustworthy (accepting the information as reliable
though allowing for the possibility of a mistake).
3. The underlying protocol specifying which events (observations, messages,
actions) are available (or permitted) at any given moment. This is intended
to represent the rules or conventions that govern many of our social interactions. For example, in a conversation, it is typically not polite to “blurt
everything out at the beginning”, as we must speak in small chunks. Other
natural conversational protocol rules include “do not repeat yourself”, “let
others speak in turn”, and “be honest”. Imposing such rules restricts the
legitimate sequences of possible statements or events.
A comprehensive theory of rational interaction focuses on the sometimes subtle
interplay between these three aspects (cf. van Benthem, 2010a).
The most basic type of informational change is a so-called public announcement (Plaza, 1989; Gerbrandy, 1999b). This is the event where some proposition
ϕ (in the language of LEL ) is made publicly available. That is, it is completely
open and all agents not only observe the event but also observe everyone else
observing the event, and so on ad infinitum (cf. item 1 above). Furthermore, all
agents treat the source as infallible (cf. item 2 above). Thus the effect of such an
event on an epistemic(-doxastic) model should be clear: remove all states that
do not satisfy ϕ. Formally,
Definition 3.1 (Public Announcement) Suppose M = hW, {∼i }i∈Agt , {i
}i∈Agt , V i is an epistemic-doxastic model and ϕ is a formula (in LEDL ). The
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model updated by the public announcement of ϕ is the structure Mϕ =
ϕ
ϕ
ϕ = {w ∈ W | M, w |= ϕ}, for each
hW ϕ , {∼ϕ
i }i∈Agt , {i }i∈Agt , V i where W
ϕ
ϕ
i ∈ Agt, ∼i =∼i ∩ W ϕ × W ϕ , i =i ∩ W ϕ × W ϕ , and for all atomic proposition
p, V ϕ (p) = V (p) ∩ W ϕ .
/
It is not hard to see that if M is an epistemic-doxastic model then so is Mϕ .
So, the models M and Mϕ describe two different moments in time with M
describing the current or initial information state of the agents and Mϕ the
information state after the information that ϕ is true has been incorporated in
M. This temporal dimension needs to also be represented in our logical language:
let LP AL extend LEDL with expressions of the form [ϕ]ψ with ϕ ∈ LEDL . The
intended interpretation of [ϕ]ψ is “ψ is true after the public announcement of ϕ”
and truth is defined as M, w |= [ϕ]ψ iff if M, w |= ϕ then Mϕ , w |= ψ.
For the moment, focus only on the agents’ hard information and consider the
formula ¬Ki ψ ∧ [ϕ]Ki ψ: this says that “agent i (currently) does not know ψ
but after the announcement of ϕ, agent i knows ψ”. So, the language of LP AL
describes what is true both before and after the announcement. A fundamental
insight is that there is a strong logical relationship between what is true before
and after an announcement in the form of so-called reduction axioms:
[ϕ]p
[ϕ]¬ψ
[ϕ](ψ ∧ χ)
[ϕ][ψ]χ
[ϕ]Ki ϕ

↔
↔
↔
↔
↔

ϕ → p, where p ∈ At
ϕ → ¬[ϕ]ψ
[ϕ]ψ ∧ [ϕ]χ
[ϕ ∧ [ϕ]ψ]χ
ϕ → Ki (ϕ → [ϕ]ψ)

These are reduction axioms in the sense that going from left to right either the
number of announcement operators is reduced or the complexity of the formulas
within the scope of announcement operators is reduced. These reductions axioms
provide an insightful syntactic analysis of announcements which complements
the semantic analysis. In a sense, the reduction axioms describe the effect of an
announcement in terms of what is true before the announcement. By relating preand postconditions for each logical operator, the reduction axioms completely
characterize the announcement operator.
The above reductions axioms also illustrate the mixture of factual and procedural truth that drives conversations or processes of observation (cf. item 3
above). To be more explicit about this point, consider the formula hϕi> (with
hϕiψ = ¬[ϕ]¬ψ the dual of [ϕ]) which means “ϕ is announceable”. It is not
hard to see that hϕi> ↔ ϕ is derivable using standard modal reasoning and the
above reduction axioms. The left-to-right direction represents a semantic fact
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about public announcements (only true facts can be announced), but the rightto-left direction represents specific procedural information: every true formula is
available for announcement. But this is only one of many different protocols and
different assumptions about the protocol is reflected in a logical analysis. Consider the following variations of the knowledge reduction axiom (cf. van Benthem
et al., 2009, Section 4):
1. hϕiKi ψ ↔ ϕ ∧ Ki hϕiψ
2. hϕiKi ψ ↔ hϕi> ∧ Ki (ϕ → hϕiψ)
3. hϕiKi ψ ↔ hϕi> ∧ Ki (hϕi> → hϕiψ)
Each of these axioms represent a different assumption about the underlying protocol and how that affects the agents’ knowledge. The first is the above reduction axiom (in the dual form) and assumes a specific protocol (which is common
knowledge) where all true formulas are always available for announcement. The
second (weaker) axiom is valid when there is a fixed protocol that is common
knowledge. Finally, the third adds a requirement that the agents must know
which formulas are currently available for announcement. Of course, the above
three formulas are all equivalent given our definition of truth in an epistemic(doxastic) model (Definition 2.2) and public announcement (Definition 3.1). In
order to see a difference, the protocol information must be explicitly represented
in the model (cf. Section 3.1 and van Benthem et al., 2009).
We end this introductory Section with a few comments about the effect of a
public announcement on the agents’ soft information. In particular, it is natural
to wonder about the precise relationship between Biϕ ψ and [ϕ]Bi ψ. Prima Facie,
the two statements seem to express the same thing; and, in fact, they are equivalent provided ψ is a ground formula (i.e., does not contain any modal operators).
However, consider state w1 in the following epistemic-doxastic model:

p, q

w1

1

p, ¬q

w2

2

¬p, q

w3

In this model, the solid lines represent agent 2’s hard and soft information (the
box is 2’s hard information ∼2 and the arrow represent 2’s soft information 2 )
while the dashed lines represent 1’s hard and soft information. (Reflexive arrows
are not drawn to keep down the clutter in the picture.) Note that at state w1 ,
agent 2 knows p and q (eg., w1 |= K2 (p ∧ q)), and agent 1 believes p but not q
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(w1 |= B1 p ∧ ¬B1 q). Now, although agent 1 does not know that agent 2 knows
p, agent 1 does believe that agent 2 believes q (w1 |= B1 B2 q). Furthermore,
agent 1 maintains this belief conditional on p: w1 |= B1p B2 q. However, public
announcing the true fact p, removes state w3 and so we have w1 |= [p]¬B1 B2 q.
Thus a belief in ψ conditional on ϕ is not the same as a belief in ψ after the
public announcement of ϕ. This point is worth reiterating: the reader is invited
to check that Bip (p∧¬Ki p) is satisfiable but [!p]Bi (p∧¬Ki p) is not satisfiable. The
situation is nicely summarized as follows: “Biψ ϕ says that if agent i would learn ϕ
then she would come to believe that ψ was the case (before the learning)...[!ϕ]Bi ψ
says that after learning ϕ, agent i would come to believe that ψ is the case (in
the worlds after the learning).” (Baltag and Smets, 2008b, pg. 2). While a public
announcement increases the agents’ knowledge about the state of the world by
reducing the total number of possibilities, it also reveals inaccuracies agents may
have about the other agents’ information. The example above is also interesting
because the announcement of a true fact misleads agent 1 by forcing her to drop
her belief that agent 2 believes q (cf. van Benthem, 2010a, pg. 182). Nonetheless,
we do have a reduction axiom for conditional beliefs:
ϕ∧[ϕ]ψ

[ϕ]Biψ χ ↔ (ϕ → Bi

[ϕ]χ)

What about languages that include group knowledge operators (note that
w1 |= [p]C{1,2} p)? The situation is much more complex in languages with common knowledge/belief operators. Baltag et al. (1998) proved that the extension
of LEL with common knowledge and public announcement operators is strictly
more expressive than with common knowledge alone. Therefore a reduction axiom for formulas of the form [ϕ]CG ψ does not exist. Nonetheless, a reduction
axiom-style analysis is still possible, though the details are beyond the scope of
this paper (see van Benthem et al., 2006).

3.1

Two Models of Informational Dynamics

Many different logical systems today describe the dynamics of information over
time in a social situation. However, two main approaches can be singled out.
The first is exemplified by epistemic temporal logic (ETL, Fagin et al., 1995;
Parikh and Ramanujam, 1985) which uses linear or branching time models with
added epistemic structure induced by the agents’ different capabilities for observing events. These models provide a “grand stage” where histories of some
social interaction unfold constrained by a protocol (cf., item 3. in the previous
Section). The other approach is exemplified by dynamic epistemic logic (DEL,
Gerbrandy, 1999b; Baltag et al., 1998; van Ditmarsch et al., 2007) which describes
social interactions in terms of epistemic event models (which may occur inside
modalities of the language). Similar to the way epistemic models are used to
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capture the (hard) information the agents’ have about a fixed social situation, an
event model describes the agents’ information about which actual events are
currently taking place (cf. item 1 in the previous Section). The temporal evolution of the situation is then computed from some initial epistemic model through
a process of successive “product updates”. In this Section, we demonstrate each
approach by formalizing Example 2.8.
Epistemic Temporal Logic. Fix a finite set of agents A and a (possibly
infinite) set of events17 Σ. A history is a finite sequence of events18 from Σ. We
write Σ∗ for the set of histories built from elements of Σ. For a history h, we
write he for the history h followed by the event e. Given h, h0 ∈ Σ∗ , we write
h  h0 if h is a prefix of h0 , and h ≺e h0 if h0 = he for some event e.
For example, consider the social interaction described in Example 2.8. There
are three participants: Ann (A), Bob (B) and Ann’s friend (call him Charles
(C)). What are the relevant primitive events? To keep things simple, assume
that Ann’s talk is either at 2PM or 3PM and initially none of the agents know
this. Say, that Ann receives a message stating that her talk is at 2PM (denote
this event — Ann receiving a private message saying that her talk is at 2PM
— by e2PM
A ). Now, after Ann receives the message that the talk is at 2PM, she
proceeds to tell her trusted friend Charles that the talk is at 2PM (and that she
wants him to inform Bob of the time of the talk without acknowledging that
the information can from her — call this event eA
C ), then Charles tells Bob this
C
information (call this event eB ). Thus, the history
C
eA
e2PM
C eB
A

represents the sequence of events where “Ann receives a (private) message stating
that the talk is at 2PM, Ann tells Charles the talk is at 2PM, then Charles tells
Bob the talk is at 2PM”. Of course, there are other events that are also relevant
to this situation. For one thing, Ann could have received a message stating
that her talk is at 3PM (denote this event by e3PM
A ). This will be important to
capture Bob’s uncertainty about whether Ann knows that he knows about the
17
There is a large literature addressing the many subtleties surrounding the very notion of an
event and when one event causes another event (see, for example, Cartwright, 2007). However,
for this paper we take the notion of event as primitive. What is needed is that if an event takes
place at some time t, then the fact that the event took place can be observed by a relevant set
of agents at t. Compare this with the notion of an event from probability theory. If we assume
that at each clock tick a coin is flipped exactly once, then “the coin landed heads” is a possible
event. However, “the coin landed head more than tails” would not be an event, since it cannot
be observed at any one moment. As we will see, the second statement will be considered a
property of histories, or sequences of events.
18
To be precise, elements of Σ should, perhaps, be thought of as event types whereas elements
of a history are event tokens.
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talk. Furthermore, Charles may learn about the time of the talk independently
of Ann (denote these two events by e2PM
, e3PM
). So, for example, the history
C
C
e2PM
e2PM
eCB
A
C
represents the situation where Charles independently learns about the time of
the talk and informs Bob.
There are a number of simplifying assumptions that we adopt in this section.
They are not crucial for the analysis of Example 2.8, but do simplify the some of
the formal details. Since, histories are sequences of (discrete) events, we assume
the existence of a global discrete clock (whether the agents have access to this
clock is another issue that will be discussed shortly). The length of the history
then represents the amount of time that has passed. Note that this implies that
we are assuming a finite past with a possibly infinite future. Furthermore, we
assume that at each clock tick, or moment, some event takes place (which need
not be an event that any agent directly observes). Thus, we can include an event
et (for ‘clock tick’) which can represent that “Charles does not tell Bob that the
talk is at 2PM.” So the history
eA
e2PM
C et
A
describes the sequence of events where, after learning about the time of the talk,
Ann informs Charles, but Charles does not go on to tell Bob that the talk is at
2PM. Once a set of events Σ is fixed, the temporal evolution and moment-bymoment uncertainty of the agents can be described.
Definition 3.2 (ETL Models) Let Σ be a set of events and At a set of atomic
propositions. A protocol is a set H ⊆ Σ∗ closed under non-empty prefixes. An
ETL model is a tuple hΣ, H, {∼i }i∈A , V i with H a protocol, for each i ∈ A, an
equivalence relation ∼i on H and V a valuation function (V : At → 2H ).
/
An ETL model describes how the agents’ hard information evolves over time in
some social situation. The protocol describes (among other things) the temporal
structure, with h0 such that h ≺e h0 representing the point in time after e has
happened in h. The relations ∼i represent the uncertainty of the agents about
how the current history has evolved. Thus, h ∼i h0 means that from agent i’s
point of view, the history h0 looks the same as the history h.
A protocol in an ETL model captures not only the temporal structure of
the social situation but also assumptions about the nature of the participants.
Typically, a protocol does not include all possible ways a social situation could
evolve. This allows us to account for the for the motivation of the agents. For
example in Example 2.8, the history
C
e3PM
eA
A
C eB
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describes the sequence of events where Ann learns the talk is at 3PM but tells
Charles (who goes on to inform Bob) that the talk is at 2PM. Of course, given
that Ann wants Bob to attend her talk, this should not be part of (Ann’s)
protocol. Similarly, since we assume Charles is trustworthy, we should not include
any histories where et follows the event eA
C . Taking into account these underlying
assumptions about the motivations (eg. Ann wants Bob to attend the talk) and
dispositions (eg. Charles tells the truth and lives up to his promises) of the
agents we can drop a number of histories from the protocol shown above. Note
that we keep the history
e2PM
e2PM
et
A
C
in the protocol, since if Charles learns independently about the time of the talk,
then he is under no obligation to inform Bob. In the picture below, we also add
some of the uncertainty relations for Ann and Bob (to keep the picture simple,
we do not draw the full ETL model). The solid line represents Bob’s uncertainty
while the dashed line represents Ann’s uncertainty. The main assumption is
that Bob can only observe the event (eCB ). So, for example, the histories h =
C
0
2PM e2PM eC look the same to Bob (i.e., h ∼ h0 ).19
e2PM
eA
B
A
C eB and h = eA
C
B
t=0
e2PM
A

e3PM
A

t=1
eAC

e2PM
C

e3PM
C

t=2
eCB
t=3

eCB
B

et

et
B

A

Assumptions about the underlying protocol in an ETL model corresponds to
“fixing the playground” where the agents will interact. As we have seen, the
protocol not only describes the temporal structure of the situation being modeled,
but also any causal relationships between events (eg., sending a message must
always proceed receiving that message) plus the motivations and dispositions
of the participants (eg., liars send messages that they know — or believe —
to be false). Thus the “knowledge” of agent i at a history h in some ETL
model is derived from both i’s observational powers (via the ∼i relation) and i’s
information about the (fixed) protocol.
19

Again we do not include any reflexive arrows in the picture in order to keep things simple.
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We give the bare necessities to facilitate a comparison between ETL and DEL.
Different modal languages describe ETL models (see, for example, Hodkinson
and Reynolds, ming; Fagin et al., 1995), with ‘branching’ or ‘linear’ variants.
Let At be a countable set of atomic propositions. The language LET L extends
the epistemic language LEL with “event” modalities:
p | ¬ϕ | ϕ ∧ ψ | Ki ϕ | heiϕ
where i ∈ A, e ∈ Σ and p ∈ At. The boolean connectives (∨, →, ↔) and the dual
modal operators (Li , [e]) are defined as usual. The intended interpretation of
‘heiϕ’ is “after event e (does) take place, ϕ is true.” Formulas are interpreted at
histories: Let H = hΣ, H, {∼i }i∈A , V i be an ETL model, ϕ a formula and h ∈ H,
we define H, h |= ϕ inductively as follows (we only give the modal definitions)
1. H, h |= Ki ϕ iff for each h0 ∈ H, if h ∼i h0 then H, h0 |= ϕ
2. H, h |= heiϕ iff there exists h0 ∈ H such that h ≺e h0 and H, h0 |= ϕ
Natural extensions of the LET L include group operators (cf. Section ??) and
more expressive temporal operators (e.g., arbitrary future or past modalities).
Dynamic Epistemic Logic. An alternative account of interactive dynamics
was elaborated by Gerbrandy (1999b); Baltag et al. (1998); van Benthem (2002);
van Benthem et al. (2006) and others. From an initial epistemic model, temporal
structure evolves as explicitly triggered by complex informative events.
Returning to our running example (Example 2.8), initially we assume that
none of the agents knows the time of Ann’s talk. Let P be the atomic proposition
“Ann’s talk is at 2PM.” Whereas an ETL model describes the agents’ information
at all moments, event models are used to build new epistemic models as needed.
Definition 3.3 (Event Model) An event model is a tuple hS, {−→i }i∈A , prei,
where S is a nonempty set of primitive events, for each i ∈ A, −→i ⊆ S × S
and pre : S → LEL is the pre-condition function.
/
Given two primitive events e and f , the intuitive meaning of e −→i f is “if
event e takes place then agent i thinks it is event f ” Event models then describe
an “epistemic event”. In Example 2.8 the first event is Ann receiving a private
message that the talk is at 2PM. This can be described by a simple event model
with two primitive events e (with precondition P ) and f (with precondition >:
f is the “skip” event),
B, C
A

P

>

e

f
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A, B, C

Thus, initially Ann observes the actual event e (and so, learning that P is
true) while Bob an Charles observe a skip event (and so, their information does
not change). What is the effect of this event on the initial situation (where no one
knows the time of the talk)? Intuitively, it is not hard to see that after this event,
Ann knows that P while Bob and Charles are still ignorant of P and the fact that
Ann knows P . That is, incorporating this event into the initial epistemic model
should yield (for simplicity we only draw Ann and Bob’s uncertainty relations):
A, B

P
B
A

w0

P

B

w
B
A, B

¬P
v0

The following definition gives a general procedure for constructing a new
epistemic model from a given epistemic model and an event model.
Definition 3.4 (Product Update) The product update M ⊗ E of an epistemic model M = hW, {Ri }i∈A , V i and event model E = hS, {−→i }i∈A , prei is
the epistemic model hW 0 , Ri0 , V 0 i with
1. W 0 = {(w, e) | w ∈ W, e ∈ S and M, w |= pre(e)},
2. (w, e)Ri0 (w0 , e0 ) iff wRi w0 in M and e −→i e0 in E, and
3. For all P ∈ At, (s, e) ∈ V 0 (P ) iff s ∈ V (P )

/

We illustrate this construction using our running example. The main event
in Example 2.8 is “Charles telling Bob (without Ann present) that Ann’s talk is
at 2PM”. This can be described using the following event model (again only the
Ann and Bob relations will be drawn): Ann is aware of the actual event taking
place while Bob thinks the event is a private message to himself.
A

B

P

P

e1

B
e2

A
e3

>

A, B
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As in the previous section, there are implicit assumptions here about the
motivations and dispositions of the agents. Thus, even though Ann is not present
during the actual event20 , she trusts that Charles will honestly tell Bob that the
talk is at 2PM (without revealing he received the information from her). This
explains why in the above event model, e1 −→A e1 . Starting from a slightly
modified epistemic model from the one given above (where Bob now knows that
Ann knows whether the talk is at 2PM), using Definition 3.4, we can calculate
the effect of the above event model as follows:
A, B

P
w

A, B
B

¬P

A
⊕ e1

B
B

P

=
P

v
A
A, B

>

e3

P
e2

(w, e1 )
P

B
A
B

(w, e3 )

P
(w, e2 )
¬P
(v, e3 )

Again, for simplicity, not all the reflexive arrows are drawn.
Finally, a few comments about syntactic issues. The language LDEL extends
LEL with operators hE, ei for each pair of event models E and event e in the
domain of E. Truth is defined as usual: We only give the typical DEL modalities:
M, w |= hE, eiϕ iff M, w |= pre(e) and M ⊗ E, (w, e) |= ϕ
Remark 3.5 We conclude by noting that the public announcement of the previous Section is a special case of Definition 3.3. Given a formula ϕ ∈ LEL ,
the public announcement is the event model Eϕ = h{e}, {−→i }i∈A , prei where for
each i ∈ A, e −→i e and pre(e) = ϕ. As the reader is invited to verify, the
product update of an epistemic model M with a public announcement event Eϕ
(M ⊗ Eϕ ) is (isomorphic) to the model Mϕ of Definition 3.1.

3.2

Varieties of Informational Change

The dynamic models discussed in the previous Section focus on the agents’ observational powers and procedural information. The assumption is that precisely
how an agent incorporates new information depends on only two factors: what
the agent has observed and the underlying protocol (which is typically assumed
to be common knowledge). To what degree the agent trusts the source of the
information is not taken into account (cf. item 2 from Section 3). In this section,
20

Of course, we must assume that she knows precisely when Charles will meet with Bob.
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we show how to extend our logical analysis this aspect of model this aspect of
the agents’ extend our logical analysis with this information. We only have the
space here for some introductory remarks: see (van Benthem, 2010a, Chapter 7)
and (Baltag and Smets, 2009) for more extensive discussions.
The general problem we focus on in the Section is how to incorporate the
evidence that ϕ is true into an epistemic-doxastic model M. The approach
taken so far is eliminate all worlds inconsistent with (each agent’s observation
of) the evidence that ϕ is true. (This may reveal more than ϕ is true given
an underlying protocol). However, not all sources of evidence are 100% reliable
opening the door to the possibility that later evidence may contradict earlier
evidence. Consider the situation for agent i’s point-of-view: Abstractly, the
problem is how to define a new ordering over i’s (hard) information cell given
i’s current soft information (represented as a total ordering over the set of states
that i considers possible) and the incoming information represented as the truth
set of some formula ϕ:

B

E

A

D

ϕ

C

Rather than removing the states inconsistent with ϕ (in the above case, this
would be the states in the set C ∪ D ∪ E), the goal is to rearrange the states in
such a way that ϕ is believed. In the above example, this means that at least
the set A should become the new minimal set. But there is a variety ways to fill
in the rest of the order with each way corresponding to a different “policy” the
agent takes towards the incoming information (Rott, 2006). We only have space
here to discuss two of these policies (both have been widely discussed in the
literature, see for example, van Benthem, 2010a, Chapter 7). The first captures
the situation where the agent only tentatively accepts the incoming information
ϕ by making the best ϕ the new minimal set and keeping the rest of the ordering
the same. Before formally defining the policy we need some notation: given an
epistemic-doxastic model M, let besti (ϕ, w) = M ini ([w]i ∩ {x | M, x |= ϕ})
denote the best ϕ worlds at state w.
Definition 3.6 (Conservative Upgrade) Given an epistemic-doxastic model
M = hW, {∼i }i∈Agt , {i }i∈Agt , V i be an epistemic-doxastic model and a formula
ϕ, the conservative upgrade of M with ϕ is the model M↑ϕ = hW ↑ϕ , {∼↑ϕ
i
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↑ϕ i with W ↑ϕ = W , for each i, ∼↑ϕ =∼ , V ↑ϕ = V and for
}i∈Agt , {↑ϕ
i
i }i∈Agt , V
i
all i ∈ Agt and w ∈ W ↑ϕ we have:

1. If v ∈ besti (ϕ, w) then v ↑ϕ
i x for all x ∈ [w]i , and
2. for all x, y ∈ [w]i − besti (ϕ, w), x ↑ϕ
i y iff x i y.

/

In the above picture a conservative upgrade with ϕ results in the new ordering
A i C i D i B ∪ E. A logical analysis of this type of information change
includes formulas of the form [↑i ϕ]ψ intended to mean “after i’s conservative
upgrade of ϕ, ψ is true” and interpreted as follows: M, w |= [↑iϕ]ψ iff M↑i ϕ , w |=
ψ. We also have reduction axioms for conditional beliefs:
[↑ϕ]B ψ χ ↔ (B ϕ ¬[↑ϕ]ψ ∧ B [↑ϕ]ψ [↑ϕ]χ) ∨ (¬B ϕ ¬[↑ϕ]ψ ∧ B ϕ∧[↑ϕ]ψ [↑ϕ]χ)
(We leave out the i subscripts to make the formula easier to read). The reader is
invited to check the validity of the above axiom. The second policy we introduce
here models a more “radical” change to the agent’s plausibility ordering: all
ϕ worlds are moved ahead of all other worlds. Thus, rather than focusing on
only the best ϕ worlds, the agent shifts all ϕ worlds consistent with i’s current
information: let [[ϕ]]w
i = {x | M, x |= ϕ} ∩ [w]i denote this set of ϕ worlds:
Definition 3.7 (Radical Upgrade) Given an epistemic-doxastic model M =
hW, {∼i }i∈Agt , {i }i∈Agt , V i be an epistemic-doxastic model and a formula ϕ, the
⇑ϕ
conservative upgrade of M with ϕ is the model M⇑ϕ = hW ⇑ϕ , {∼⇑ϕ
i }i∈Agt , {i
⇑ϕ
}i∈Agt , V ⇑ϕ i with W ⇑ϕ = W , for each i, ∼i =∼i , V ⇑ϕ = V and for all i ∈ Agt
and w ∈ W ⇑ϕ we have:
⇑ϕ
w
1. for all x ∈ [[ϕ]]w
i and y ∈ [[¬ϕ]]i , set x i y,
⇑ϕ
2. for all x, y ∈ [[ϕ]]w
i , set x i y iff x i y, and
⇑ϕ
3. for all x, y ∈ [[¬ϕ]]w
i , set x i y iff x i y.

/

In the above picture a conservative upgrade with ϕ results in the new ordering
A i B i C i D i E. A logical analysis of this type of information change
includes formulas of the form [⇑iϕ]ψ intended to mean “after i’s radical upgrade
of ϕ, ψ is true” and interpreted as follows: M, w |= [⇑i ϕ]ψ iff M⇑i ϕ , w |= ψ.
As the reader is invited to check, the conservative upgrade is a special case of
this radical upgrade: the conservative upgrade of ϕ at w is the radical upgrade
of besti (ϕ, w). In fact, both of these operations can be seen as instances of
a more general lexicographic update (cf. van Benthem, 2010a, Chapter 7). In
fact, the above reduction axiom for conservative upgrade can be derived from
28

the following reduction axiom for radical upgrade: (again, we leave out the i
subscripts to make the formula easier to read)
[⇑ϕ]B ψ χ ↔ (L(ϕ ∧ [⇑ϕ]ψ) ∧ B ϕ∧[⇑ϕ]ψ [⇑ϕ]χ) ∨ (¬L(ϕ ∧ [⇑ϕ]ψ) ∧ B [⇑ϕ]ψ [⇑ϕ]χ)

4

Conclusions

Agents are faced with many diverse tasks as they interact with the environment
and one another. At certain moments, they must react to their (perhaps surprising) observations while at other moments they must be proactive and choose to
perform a specific action. One central underlying assumption is that “rational”
agents obtain what they want via the implementation of (successful) plans (cf.
Bratman, 1987). And this implementation often requires, among other things,
representation of various informational attitudes of the other agents involved in
the social interaction. In social situations there are many (sometimes competing) sources for these attitudes: for example, the type of “communicatory event”
(public announcement, private announcement), the disposition of the other participants (liars, truth-tellers) and other implicit assumptions about procedural
information (reducing the number of possible histories). This naturally leads to
different notions of “knowledge” and “belief” that drive social interaction.
An overarching theme in is this paper is that during a social interaction, the
agents’ “knowledge” and “beliefs” both influence and are shaped by the social
events. The following example (taken from Pacuit et al., 2006) illustrates this
point. Suppose that Uma is a physician whose neighbour Sam is ill and consider
the following cases
Case 1: . Uma does not know and has not been informed. Uma has no obligation (as yet) to treat her neighbour.
Case 2: The neighbour’s daughter Ann comes to Uma’s house and tells her.
Now Uma does have an obligation to treat Sam, or perhaps call in an
ambulance or a specialist.
In both of these cases, the issue of an obligation arises. This obligation is circumstantial in the sense that in other situations, the obligation might not apply.
If Sam is ill, Uma needs to know that he is ill, and the nature of the illness, but
not where Sam went to school. Thus an agent’s obligations are often dependent
on what the agent knows, and indeed one cannot reasonably be expected to respond to a problem if one is not aware of its existence. This, in turn, creates a
secondary obligation on Ann to inform Uma that her father is ill.
Based on the logical framework discussed in Section 3.1 and (Horty, 2001),
Pacuit et al. (2006) develop a logical framework that formalizes the reasoning of
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Uma and Ann in the above examples. It is argued that this reasoning is shaped
by the assumption that Uma and Ann’s preferences are aligned (i.e., both want
Sam to get better). For example, Ann will not be under any obligation to tell
Uma that her father is ill, if Ann justifiably believes that Uma would not treat her
father even if she knew of his illness. Thus, in order for Ann to know that she has
an obligation to tell Uma about her father’s illness, Ann must know that “Uma
will, in fact, treat her father (in a reasonable amount of time) upon learning
of his illness”. More formally, in all the histories that Ann currently considers
possible, the event where her father is treated for his illness is always preceded
by the event where she tells Uma about his illness. That is, the histories where
Uma learns of Sam’s illness but does not treat him are not part of the protocol.
Similar reasoning is needed for Uma to derive that she has an obligation to treat
Sam. Obviously, if Uma has a good reason to believe that Ann always lies about
her father being ill, then she is under no obligation to treat Sam. See (Pacuit
et al., 2006) for a formal treatment of these examples.
This paper surveyed a number of logical systems that model the reasoning
and dynamic processes that govern many of our social interactions. This is a
well-developed area attempting to balance sophisticated logical analysis with
philosophical insight. Furthermore, the logical systems discussed in this paper
have been successfully used to sharpen the analysis of key epistemic issues in a
variety of disciplines. However, they represent only one component of a logical
analysis of rational interaction. Indeed, as the above example illustrates, a comprehensive account of rational interaction cannot always be isolated from other
aspects of rational agency and social interaction (such as the agents’ motivational
attitudes or social obligations).
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